In this paper, a discrete-time multi-agent system is presented which is formulated in terms of the delta operator. The proposed multi-agent system can unify discrete-time and continuous-time multi-agent systems. In a multi-agent network, in practice, the communication among agents is acted upon by various factors. The communication network among faulty agents may cause link failures, which is modeled by randomly switching graphs. First, we show that the delta representation of discrete-time multi-agent system reaches consensus in mean (in probability and almost surely) if the expected graph is strongly connected. The results induce that the continuous-time multi-agent system with random networks can also reach consensus in the same sense. Second, the influence of faulty agents on consensus value is quantified under original network. By using matrix perturbation theory, the error bound is also presented in this paper. Finally, a simulation example is provided to demonstrate the effectiveness of our theoretical results.
the smooth transition from the discrete-time representation to the underlying continuous-time system as sampled period tends to zero. Therefore, it can be used to unify discrete-time and continuous-time systems. Due to these advantages of the delta operator, there have existed many related research results [25] , [26] . Inspired by these researches, we apply the delta operator to describe the multi-agent system with sampled data. A discrete-time representation is proposed for multi-agent systems.
It is well known that the communication may be destroyed in realistic multi-agent network due to link failures, node failures, etc. Thus, the consensus of multi-agent systems with random networks was also studied in [18] , [19] , [27] , [28] . Based on the delta operator, we consider the consensus of multi-agent systems with random networks in this paper. We assume that there exist faulty agents that only receive information or send information, which lead to link failures of the network. The original network without faulty agents is an undirected connected graph.
This phenomenon often occurs in practice. For instance, the receiver (emitter) of the agent is failure, which leads to the link failure of the communication network. Different from [19] , we consider the consensus of discrete-time multi-agent system with directed random networks. Due to the variation of networks, however, the consensus value is changed. Therefore, we analyze the influence of faulty agents on the original network. The main contribution of this paper is twofold. First, we show that the delta representation of discrete-time multi-agent system reaches consensus in different sense (in mean, in probability and almost surely) if the expected graph is strongly connected. Based on the delta operator, we get that the consensus conditions are also appropriate for the continuous-time multi-agent system with random networks. Second, we analyze the influence of faulty agents on the consensus value under original network. By using matrix perturbation theory, the error bound between consensus values under network with link failures and original network is presented.
The structure of this paper is given as follows. In Section 2, based on the delta operator, a discrete-time multi-agent system is established. In Section 3, consensus in different sense is studied. In Section 4, we provide the error bound caused by faulty agents. In Section 5, a simulation example is presented. Finally, we give a short conclusion in Section 6.
Notation: Let 1, 0, R and R n×n denote the column vector of all ones, the column vector of all zeros, the set of real numbers and the n × n real matrices, respectively. The ith eigenvalue of matrix A can be denoted as λ i (A). · 2 denotes the standard Euclidean norm, i.e., x(t) 2 = May 5, 2017 DRAFT x T (t)x(t). We write x(t) = x T (t)x(t). For the vector 2-norm · 2 , the induced matrix norm
We say that B is a nonnegative matrix if B ≥ 0. Moreover, if all its row sums are 1, B is said to be a row stochastic matrix. For a given vector or matrix A, A T denotes its
♯ denotes the group inverse of matrix A [29] .
II. PRELIMINARIES

A. Graph theory
The communication relationship between agents is modeled as a graph G = (V, E, A) with
, agents i and j are adjacent and a ij = 1. The set of neighbors of agent
Graph G is said to be strongly connected if there exists a path between any two distinct vertices. A path that connects v i and v j in the directed graph G is a sequence of distinct
When G is an undirected connected graph, then L is positive semi-definite and has a simple zero eigenvalue. Moreover, there exists min
for any ξ ∈ R n . Throughout this paper, we always assume that G is a undirected connected graph if there does not exist the faulty agent (agent not be able to receive or send information).
B. Problem statement
In this paper, we consider a multi-agent system which consists of n agents. The continuoustime dynamics of the ith agent is described bẏ
where x i (t) ∈ R and u i (t) ∈ R are the state and control input of ith agent, respectively.
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For continuous-time multi-agent system (1), a discrete-time representation can be obtained by using a traditional shift operator. It is given by
where h is the sampling period. It is worth noting that, as sampling period h → 0, we lose all information about the underlying continuous-time multi-agent system (1) [30] . Moreover, it is difficult to describe the next value of x i (t k ). This difficulty can be avoided using the delta operator introduced in [22] .
The delta operator is defined as follows:
Then, by using the delta operator, the discrete-time representation of system (1) is described by
It can be seen that
Hence, there is a smooth transition from δx i (t k ) toẋ i (t k ) as h → 0, which ensures that discretetime multi-agent system (3) converges to continuous-time multi-agent system (1) as h → 0.
For system (1), we apply the classic consensus protocol u i (t) = j∈N i a ij (x j (t) − x i (t)). By using zero-order hold, the protocol is given as:
Denote
T . System (3) with protocol (4) can be represented by
Based on above discussion and analysis, we know that discrete-time multi-agent system (5) converges to the continuous-time multi-agent systeṁ
as h → 0.
In this paper, the original multi-agent network is undirected connected. We know that each agent is influenced by the information of its neighbours. However, there may exist the agent that (1), (2), (3) and (4), respectively. We assume that G i randomly switches among distinct networks
and G 4 correspond to the occurrence probabilities
Scenario II : Four cases are considered: (1) only agent 1 can't send information; (2) only agent 2 can't send information; (3) agents 1 and 2 cannot send information simultaneously; (4) all agents are normal. Networks G
correspond to the four cases (1), (2), (3) and (4), respectively. We assume that G
System (5) under Scenario I or II can be written as:
where L t k is the Laplacian matrix at time point t k . Note that the graph G t k is invariant during the time interval ∆. Corresponding adjacent matrix at time point t k is A t k . Throughout this paper, the sampling period satisfies ∆ =kh when h 0.
Two main objectives are considered in this paper. First, the consensus of system (7) is considered. Second, the error bound between consensus values of system (5) and system (7) is presented.
Remark 1:
For simplicity, we focus on two faulty agents. However, the analytical methods concerning error bound in this paper can be extended to the Scenario of more than two faulty agents, which is left to the interested readers as an exercise.
Definition 1: System (7) reaches consensus (a) in mean if for any x 0 ∈ R n it holds that
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(c) almost surely if for any x 0 ∈ R n it holds that P lim 
Lemma 1 ([29]):
If T is the transition matrix of a regular chain, then
where
Lemma 2 ([32]):
If C andC are ergodic chains with transition matrices T andT = T − E and limiting probability vectors s ands, respectively, then s −s = sEA
Lemma 3 ([23]):
The property of delta operator for any time function x(t k ) and y(t k ) can be represented as
Lemma 4: Assume that the sampling period 0 < h < 1 dmax . Then, system (5) can reach average consensus if the graph is undirected connected.
Since the graph is undirected connected, which implies that the Laplacian matrix L is positive semi-definite. Hence, the eigenvalues of Ξ are repsented by (5) can achieve average consensus asymptotically.
Remark 2: From Lemma 4, there exists
which implies that
It can be seen that δV (t k ) < 0 can be reduced to theV (t) < 0 as h → 0. Note that system (5) converges to system (6) as h → 0. Consequently, system (6) reaches average consensus under undirected connected graph.
III. CONSENSUS ANALYSIS
In this section, it is shown that system (5) reaches consensus despite the existence of faulty agents. Supposed that Scenario I and Scenario II have the same expression pattern for the network. Hence, the following results can be viewed as the unified conclusions of system (5) under Scenarios I and II.
Theorem 1:
Assume that the sampling period 0 < h < 1 dmax . Then, system (7) reaches consensus in mean if the expected graph is strongly connected. Furthermore,
where 
According to 0 < h <
It follows that
where Π is a positive diagonal matrix. Since the expected graph is strongly connected, matrix E((I − hL t k )k) is a nonnegative irreducible with positive diagonal elements. Moreover, it is easy to verify that E((I − hL t k )k)1 = 1. Then, by Gersgorin Disc theorem, one has |λ i (E((I − hL t k )k))| ≤ 1. Hence, by Perron-Frobenius Theorem [33] , it can be deduced that ρ(E((I − hL t k )k)) = 1 is an algebraically simple eigenvalue. Consequently, matrix W 1 is a primitive. By virtue of Theorem 8.5.1 in [33] , we obtain that lim
reaches consensus in mean.
Next, we give the consensus value of system (7) as h → 0. By Proposition 11.1.3 in [34] , it follows that
Let
Hence, E(e −Lt k ∆ ) ≥ ζ(Ā 1 α +Ā 2 β +Ā 3 γ +Ā 4 θ). That is, matrix E(e −Lt k ∆ ) is a nonnegative irreducible with positive diagonal elements. Similar to the previous discussion, we have
Theorem 2: Assume that the sampling period 0 < h < 1 dmax . Then, system (7) reaches consensus in probability if the expected graph is strongly connected.
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Proof. Since the expected graph is strongly connected, by Theorem 1, it follows that lim
w ij x j (t k ). Since matrix (I − hL t k )k is a row stochastic matrix, we get H(t k + ∆) ≤ H(t k ) and h(t k + ∆) ≥ h(t k ). It can be verified that the H(t k ) − h(t k ) is nonincreasing.
Hence
As a result of Chebyshevs inequality, for any ε > 0, it follows that
Therefore
It is shown from Theorem 1 that lim
Matrix e −Lt k ∆ is also a row stochastic matrix. Similar to the above proof, it can be proved that (17) also holds as h → 0.
Theorem 3:
Assume that the sampling period 0 < h < 1 dmax . Then, system (7) reaches consensus almost surely if the expected graph is strongly connected.
Proof. It follows from Theorem 2 that H(t k ) − h(t k ) → 0 in probability. By Theorem 2.5.3 in [35] , there exists a subsequence of {H(t k ) − h(t k )} that converges almost surely to 0. Hence, for any ε > 0, there exists t l such that for tl ≥ t l , H(tl) − h(tl) < ε almost surely. Since
surely. Therefore, for any t k ≥ tl +1 , there holds 0 ≤ {H(t k ) − h(t k )} < ε almost surely. This implies that system (7) reaches consensus almost surely.
Remark 3:
As pointed out in Theorem 1, one has x(t k + ∆) = e −Lt k ∆ x(t k ) as h → 0. Since the network is invariant during time interval ∆, partial state of system (6) can be represented
It is shown from Theorem 1 that the sequence x(t k ) achieves consensus in mean. Then, using −L1 = 0, we can conclude that x(t) achieves consensus in mean. Therefore, system (6) with random networks reaches consensus in mean if the expected graph is strongly connected.
This indicates that the consensus result of system (7) with random networks reduces to the consensus result of system (6) under random networks as h → 0. Moreover, Theorems 2 and 3 are also appropriate for the continuous-time multi-agent system as h → 0.
IV. ERROR ANALYSIS
In this section, we consider the error bound on the consensus value lim t k →∞ E(x(t k )) and the consensus value under original network
To solve this problem, the matrix perturbation theory and the property of finite Markov chains are applied.
On the analysis of the consensus problem, we apply E(x(t k + ∆)) = W 1 E(x(t k )). Suppose that the expected graph is strongly connected and 0 < h < 
and 
. By some algebraic manipulations for (21), the following equation
i.e., e =π
Hence, we analyze
To solve this problem, we introduce a vector y(0) such that y(0) = 0 and 
). There exists the eigenvector 1 corresponding to λ 1 (W 1 ) = 1 and λ 1 (
Then
On account of D 1W1 2 = max
. May 5, 2017 DRAFT When h → 0, from Theorem 1 we know that lim
Similar to W 1 , W 2 can be regarded as the transition matrix of a regular chain. Moreover
Similar to the above analysis, we get that 0 ≤λ(
Remark 4: Agent that can't receive information is considered in Scenario I, while agent that can't send information is considered in Scenario II. We assume that there exist agents which can not receive or send information in Scenario III. For this scenario, similar to Theorem 4, error bound on consensus value can be calculated. 
Similar to the analysis of Theorem 4, we have e = π By utilizing (29) , the following equation is obtained
Due to l 11 = − n j=2 l 1j and
Letȳ (31) leads to that
By using y(k
where 0 ≤λ(
Due to
Corollary 1: Assume that the sampling period ∆ = h < 1 dmax and the expected graph is strongly connected in Scenario II. Then
Matrix W 1 can be expressed asW 1 +D 1 , wherẽ
By utilizing (36), we have
Similar to the analysis of Theorem 5, we have
V. SIMULATION
In this section, a simulation is presented to illustrate the effectiveness of our theoretical results.
Example 1:
We consider that the communication network is chosen as in Figure 1 . The interaction topology among agents randomly switches among G 1 , G 2 , G 3 and G 4 . Networks G 1 , 
VI. CONCLUSION
In this paper, based on the delta operator, a discrete-time multi-agent system is proposed. It is pointed out that the proposed discrete-time multi-agent system can converge to the continuoustime multi-agent system as the sampling period tends to zero. We assume that there exist faulty agents that only send or receive information in the network. The communication network is described by randomly switching networks. Under the random networks, it is proved that the consensus in mean (in probability and almost surely) can be achieved when the expected graph is strong connected. Furthermore, the influence of faulty agents on the consensus value is analyzed.
The error bound between consensus values under network with link failures and original network is presented. In the future, based on the delta operator, we will consider the formation control and containment control of multi-agent systems, etc.
